arXiv:math/0503090vl [math.NT] 5 Mar 2005 


Proc. Indian Acad. Sci. (Math. Sci.) Vol. 114, No. 4, November 2003, pp. 319-343. 
Printed in India 


Conductors and newforms for t/(l,l) 

JOSHUA LANSKY and A RAGHURAM* 

Department of Mathematics, American University, Washington DC 20910, USA 
*Department of Mathematics, University of Iowa, 14 Maclean Hall, Iowa City, 
lA 52242, USA 

E-mail: lansky@american.edu; araghura@math.uiowa.edu 


MS received 18 May 2004; revised 23 June 2004 

Abstract. Let F be a non-Archimedean local field whose residue characteristic 
is odd. In this paper we develop a theory of newforms for 1/(1,1)(F), building on 
previous work on SL 2 {F). This theory is analogous to the results of Casselman for 
GL 2 {F) and Jacquet, Piatetski-Shapiro, and Shalika for GL„{F). To a representation Tt 
of 1/(1,1)(F), we attach an integer c{7t) called the conductor of 7t, which depends only 
on the L-packet H containing 7t. A newform is a vector in 7t which is essentially fixed by 
a congruence subgroup of level c{7t). We show that our newforms are always test vec¬ 
tors for some standard Whittaker functionals, and, in doing so, we give various explicit 
formulae for newforms. 

Keywords. Conductor; newforms; representations; (7(1,1). 


l. Introduction 

To introduce the main theme of this paper we recall the following theorem of Casselman 

m . Let F be a non-Archimedean local field whose ring of integers is Let be the 
maximal ideal of ^p. Let y/p be a non-trivial additive character of F which is normalized 
so that the maximal fractional ideal on which it is trivial is . 

Theorem 1.0.1 ID- Let (tTjV) be an irreducible admissible infinite-dimensional repre¬ 
sentation of GL 2 {F). Let (Oji denote the central character of 7t. Let 

r(m) = \( I J ) e GL 2 {ffp) :c = Q (mod 


Let 


V. = [vGV:n(^(^l ^ ))v = a).(d)v, V “ ^)er(m)|. 

(i) There exists a non-negative integer m such that Vm f ( 0 ). If c{ti) denotes the least 
non-negative integer m with this property then the epsilon factor e(s, 7t, \j/p) of 7t is 
up to a constant multiple of the form {Here q is the cardinality of the residue 

field ofF.) 

(ii) For all m > c(7r) we have dim(ym) =m — c{n) -L 1. 
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The assertion dim(Vc(;j)) = 1 is sometimes referred to as multiplicity one theorem for 
newforms and the unique vector (up to scalars) in is called the newform for n. This 
is closely related to the classical Atkin-Lehner theory of newforms for holomorphic cusp 
forms on the upper half plane |T|. When c{n) = 0 we have a spherical representation and 
the newform is nothing but the spherical vector. 

Newforms play an important role in the theory of automorphic forms. We cite two 
examples to illustrate this. First, the zeta integral corresponding to the newform is exactly 
the local L-factor associated to 7t (see |@1 for instance). In addition, newforms frequently 
play the role of being ‘test vectors’ for interesting linear forms associated to n. For exam¬ 
ple, the newform is a test vector for an appropriate Whittaker linear functional. In showing 
this, explicit formulae for newforms are quite often needed. For instance, if ;r is a super- 
cuspidal representation which is realized in its Kirillov model then the newform is the 
characteristic function of the unit group . This observation is implicit in Casselman 
in and is explicitly stated and proved in Shimizu ITSl . Since the Whittaker functional on 
the Kirillov model is given by evaluating functions at 1 G F*, we get in particular that 
the functional is non-zero on the newform. In a related vein DU and O show that test 
vectors for trilinear forms for GL2{F) are often built from newforms. (See also a recent 
expository paper of Schmidt M where many of these results are documented.) 

In addition to Casselman’s theory for GL2{F), newforms have been studied for cer¬ 
tain other classes of groups. Jacquet et al E) have developed a theory of newforms for 
generic representations of GL„{F). In this setting, there is no satisfactory statement anal¬ 
ogous to (ii) of the above theorem. However, in his recent thesis, Mann nzi obtained 
several results on the growth of the dimensions of spaces of fixed vectors and has a con¬ 
jecture about this in general. For the group GL 2 {D), D a p-adic division algebra, Prasad 
and Raghuram ca have proved an analogue of Casselman’s theorem for irreducible 
principal series representations and supercuspidal representations coming via compact 
induction. In an unpublished work. Brooks Roberts has proved part of (i) of the above 
theorem for representations of GSp 4 {F) whose Langlands parameter is induced from a 
two-dimensional representation of the Weil-Deligne group of F. In a previous paper m, 
we develop a theory of conductors and newforms for SL2{F). In this paper we use the 
results of CD to carry out a similar program for the unramified quasi split unitary group 
t/(l,l). 

Let G = f/ ( 1 , 1 ) (F). Crucial to our study of newforms are certain filtrations of maximal 
compact subgroups of G. Let K = Kq he the standard hyperspecial maximal compact 
subgroup of G. Let K' = Kq = a^'KoOC, where a = (^ ^) ■ Then Kq and Kq are, up 
to conjugacy, the two maximal compact subgroups of G. We define filtrations of these 
maximal compact subgroups as follows. For m an integer > 1 , let 


K,„ = 1^ j G Kq; c = 0 (mod and K', = a-^K,„a. 

Let {n,V) be an irreducible admissible infinite-dimensional representation of G. Let Z 
denote the center of G and let (Ojt be the central character of it. Let r) be any character 
of such that t) = Ojj on the center. Let c(fj) denote the conductor of f). For any 
m > c{fl), ij gives a character of and also given by fj ((“ ^)) = fl(d). We define 
for m > c(i?), 




vGV: 71 


a 

c 



fab 
\ c d 



v = r]{d)v, V 


Newforms for U {1,1) 

The space is defined analogously. We define the fj-conductor Cfi {ft) of ft as 
Cfi{ft) = min{m > 0: ft^"' ^ (0) or ft^'" (0)}. 


( 1 . 0 . 2 ) 
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We define the conductor c{7t) of 7t by 
c{ft) =min{cTj( 7 f) ; 77 }, 


(1.0.3) 


where t] runs over characters of which restrict to the central character cus on Z. 

We deal with the following basic issues in this paper. 

(i) Given an irreducible representation ft, we determine its conductor c{fi). A very easy 
consequence (almost built into the definition) is that the conductor depends only on 
the L-packet containing ft. 

(ii) We identify the conductor with other invariants associated to the representation. For 
instance, for SL2{F) we have shown ITTl that the conductor of a representation is 
same as the conductor of a minimal representation of GL 2 {F) determining its L- 
packet. We prove a similar result for U{1,1){F) in this paper. See 113.41 and 114.41 

(iii) We determine the growth of the space dim(y^'”) as a function of m. This question is 
analogous to (ii) of Casselman’s theorem quoted above. Computing such dimensions 
is of importance in ‘local level raising’ issues. See lEi 

(iv) We address the question of whether there is a multiplicity one result for newforms. 

It turns out that quite often dim(yjj) = 1, but this fails in general (for principal 
series representations of a certain kind). In these exceptional cases the dimension of 
the space of newforms is two, but a canonical quotient of this two-dimensional space 
has dimension one (see m- 

(v) Are the newforms test vectors for Whittaker functionals? This is important in global 
issues related to newforms. We are grateful to Benedict Gross for suggesting this 
question to us. It turns out that our newforms are always test vectors for Whittaker 
functionals. In the proofs we often need explicit formulae for newforms in various 
models for the representations. These formulas are interesting for their own sake. For 
example, if {7t,V) is a ramified supercuspidal representation of t/(l, 1)(F'), then the 
newform can be taken as the characteristic function of {ffp)^ where V is regarded as 
a subspace of the Kirillov model of a canonically associated minimal representation 
ofGL 2 {F) (cf. Ml 

We set up notation in im following that used in DU- We then briefly review the 
structure of L-packets for SL 2 and 17(1,1) in 112.21 As this paper depends crucially on 
our previous paper m on SL 2 , we summarize the results of GD in El The heart of 
this paper is In EH we define the notion of conductor and then make some easy 
but technically important remarks on spaces of fixed vectors. The next two subsections 
deal respectively with sub-quotients of principal series representations and supercuspidal 
representations. In im, we use Kutzko’s construction of supercuspidal representations 
of GL 2 {F) to obtain results for supercuspidals of SL 2 {F). In this paper, we use these 
results, in turn, to obtain information for U{1, 1)(7^). In general, we will often reduce the 
proofs of statements concerning U{1, 1)(F’) to those of the corresponding SL 2 {F) state¬ 
ments. In particular, we exploit the fact that SL 2 {F) is the derived group of t/(l, 1)(F’) 
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and that U{1) {F)SL 2 (F) has index two in t/(1,1) (F). In this way we avoid directly deal¬ 
ing with /T-types and other intrinsic details for U(l, 1)(F) as much of the work has been 
done for SL 2 {F) in ITTl . Finally, in m we briefly discuss a multiplicity one result for 
newforms. 

We mention some further directions that arise naturally from this work. To begin with, 
it would be interesting to see how our theory of newforms and conductors bears upon 
known results about local factors for U{1,1){F). In particular, are our conductors the 
same as (or closely related to) the analytic conductors appearing in epsilon factors? Also, 
is a zeta-integral corresponding to a newform of a representation equal to a local L-factor 
for the representation? 

2. Preliminaries 

2.1 Notation 

If L is any non-Archimedean local held let be its ring of integers and let be the 
maximal ideal of Let UJi be a uniformizer for L, i.e., Let = ^l/ 

be the residue held of L. Let p be the characteristic of and let the cardinality of be 
qi which is a power of p. Let El be an element of 

If n is a positive integer, let t/£ denote the nth filtration subgroup 1 + of , and 
define t/® = . Let Oz, denote the additive valuation on L* which takes the value 1 on 

We let I ■ |z denote the normalized multiplicative valuation given by |x|z = If 

X is a character of L* we define the conductor c{x) to be the smallest non-negative integer 
n such that x is trivial on t/£. Let be a non-trivial additive character of L which is 
assumed to be trivial on and non-trivial on . For any a S L the character given by 
sending x to xj/i (ax) will be denoted as xj/pa or simply by y/a . (In all the above notations 
we may omit the subscript L if there is only one held in the context.) 

In the following, F will be a fixed non-Archimedean local held whose residue charac¬ 
teristic is odd and E will be used to denote a quadratic extension of F. We denote hy (Oe/f 
the quadratic character of F* associated to E/F by local class held theory. Recall that the 
kernel of (£)e/f is Ne/f{E*), the norms from E*. We will require the units Ef and Ee to be 
compatible in the sense that 

= Ne/f{£e)- 

We let G denote the group GL 2 {F). Let B — TN he the standard Borel subgroup of 
upper triangular matrices in G with Levi subgroup T and unipotent radical N. Let Z be the 
center of G. Let G = SL 2 {F). Let B — TN be the standard Borel subgroup of upper trian¬ 
gular matrices in G with Levi subgroup T and unipotent radical N. We set K — 5^2(^f) 
and K — GL 2 {L^f) and denote by I and I respectively the standard Iwahori subgroups of 
G and G. 

Suppose that E/F is unramifled, and let s denote the non-trivial element of Gal(£’ /F). 
We denote by G the group G(l, 1), i.e., the group of all g G GL 2 {E) such that 



We let B be the standard upper triangular Borel subgroup of G with diagonal Levi sub¬ 
group T and unipotent radical N. We note that the elements of T are of the form ( ^ j -i ) 
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for t G E*, and those of B are of the form ) with t GE* and a G F. We let Z be the 

center of G. Then Z^E^, where E ' = ker(A ^£/f ) is the subgroup of norm one elements of 
E*. Denote by 7 the standard Iwahori subgroup of G and by K the standard hyperspecial 
maximal compact subgroup of G. 

The following filtrations of maximal compact subgroups of G will be important in our 
study of newforms. Let/f-i = G and/To =K. GetK' =Kq = a^^K^a, where a = (^ ^). 
Then Eq and Eg are, up to conjugacy, the two maximal compact subgroups of G. For m 
an integer > 1, 

(modJ^“)|, 

E^ = a^^Ema. 

We note that for m > 1 the following inclusions hold up to conjugacy within G: 

E'^+,GE,nGE'„_,. (2.1.1) 

Analogous results hold for the following filtration groups of G: 

K-i=G, 

Eo=E, 

(mod.^“)|, 

E^ = a^^Ema. 

We note that the filtration subgroups for G and G are related by 

E,„=EmTo, (2.1.2) 

where Tq = T HEq. 

In addition to a, we will also make frequent use of the matrices j3 
(*0 ?)and0:=('^,°i). 

For any subsets A,B,C,D G F we let 

C o]={(c 

We denote [|!| by or simply by N{i). We let N denote the lower triangular 

unipotent subgroup of G and a similar meaning is given to and N{i). 

If is a closed subgroup of a locally compact group and if a is an admissible 
representation of Jif then Ind:^(a) denotes normalized induction, and ind^(a) denotes 
the subrepresentation of Ind^((7) consisting of those functions whose support is compact 
mod .Jf. The symbol 1 will denote the trivial representation of the group in context. 

For any real number ^ we let [i^] denote the least integer greater than or equal to ^ and 
we let [CJ = - [-Cl- 
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2.2 L-packets for SL 2 {F) andU{\^\) 

In this section we collect statements about the structure of L-packets for G — SL 2 {F) and 
G = t/(l, 1). All the assertions made here are well-known and can be read off from a 
combination of Labesse and Langlands O, Gelbart and Knapp |2| and Rogawski (HI 
If TT is an irreducible admissible representation of G then its restriction to G is a multi¬ 
plicity free finite direct sum of irreducible admissible representations of G which we often 
write as 


Res^^2(F) ^ — TTi 0 • • • 0 TT/-. 


On the other hand, if 7t is any irreducible admissible representation of G then there 
exists an irreducible admissible representation jf of G whose restriction to G contains n. 

Note that G acts on the space of all equivalence classes of irreducible admissible repre¬ 
sentations of G and an L-packet for G is simply an orbit under this action. It turns out that, 
with the notation as above, the L-packets are precisely the sets {ni,..., Tty} appearing in 
the restrictions of irreducible representations n of G. 

We now give some general statements concerning the L-packets for G = G(l, 1). The 
adjoint group of G(l,l) is PGL2, and hence PGL2{F) and G act via automorphisms 
on G, hence act on the set of equivalence classes of irreducible representations of G. 
Rogawski ( ITtI . §11.1) defines an L-packet for G to be an orbit under this action. If n is 
an element of a non-trivial L-packet, then the other element of the L-packet is “if. 

If n is an L-packet for G, then the set of irreducible components of the restric¬ 
tions of elements of TI to G is an L-packet 11 for G. The direct sum 0;i-gn^ 
therefore the restriction of an irreducible admissible representation K of G. This n is 
unique up to twisting by a character. In practice, we will choose a convenient n. Since 
®Tten^ — R2SG(0^gn^)’ obtain an action of G on 0jrgn^ '^be represen¬ 
tation n. 

3. Newforms for SL 2 

This section collects our results im on conductors and newforms for SL 2 {F). All these 
results, along with their complete proofs, can be found in mi 

3.1 Definitions 

We now give our definition of the conductor of a representation of G. The basic filtration 
subgroups of G considered in this paper are Kq—K — 5L2(^f) and for m > 1, 



For all m > 0 we let = a^^KmU. 

Let {7t,V) be an irreducible admissible infinite-dimensional representation of G. Let 
COji be the character of {±1} such that ^{{ q^ J*!)) =®; i (— 1)1v- 

We let Tj be any character of such that tj(—1) = C0j[{—1). Let c{rj) denote the 
conductor of rj. For any m > c(rj), rj gives a character of Km and also K'^ given by 
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We define 

c = ^(c 

The spaces TT^” are defined analogously. We note that = n^'" = (0) for m < c(ri). 

We define the rj-conductor c-q (?r) of n as 

cq{n) =mm{m>0 ■. Kq"'{Q) or ^ (0)}, (3.1.1) 

We define the conductor c{n) of n by 

c(a:) =min{cr,(a:) : Tj}, (3.1.2) 

where 77 runs over characters of such that 77 (— 1 ) = a)i(— 1 ). If t] is such that Cq (n) = 

c{7z) and Ttq"^^'’ ^ (0) (resp. (0)), then we call (resp. a space of 

newforms of n. In this case, we refer to a non-zero element of or as a newform 
of n. 


3.2 Principal series representations 


Let ;k be a character of F* . Then x gives a character of B via the formula x 



X{a). Let 7t{x) stand for the (unitarily) induced representation Ind^ (;if). It is well-known 
that 7t{x) is reducible if and only if x is either | ■ |^ or if is a quadratic character. 

There is an essential difference between the two kinds of reducibilities. If ;k = | ■ |^, then 


7t{x) is the restriction to G of a reducible principal series representation of G. Hence 7z{x) 
will have two representations in its Jordan-Holder series, namely the trivial representation 
and the Steinberg representation which we will denote by Stg. 

If is a quadratic character, then n{x) is, the restriction to G of an irreducible principal 
series representation of G and breaks up as a direct sum of two irreducible representations, 
which constitute an L-packet of G. If = COe/f we denote 7t{x) by Tts and let TtE — 
We denote the L-packet by = {;r£, 7 r|}. 

As mentioned in the introduction, one of the applications of newforms we have in mind 
is that they are test vectors for Whittaker functionals. For principal series representations 
and in fact all their sub-quotients we consider the following yz-Whittaker functional (see 
d). For any function / in a principal series representation n{x) we define 


Av//:= 



-1 

0 


0 1 )) 


where the Haar measure is normalized such that vol(^) = 1. 


(3.2.1) 


PROPOSITION 3.2.2. (Unramified principal series representations). 

Let X be an unramified character of F* and let k{x) be the corresponding principal series 
representation of G. We have 




1 , ifm = 0, 

2m, if m > 1 . 
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COROLLARY 3.2.3. (Test vectors for unramified principal series representations) 

For an unramified character % ofF* such that | • If * ■ /new ony non-zero K-fixed 
vector. Then we have 

Ai|//new = T(l,x) / 0; 

where L{s,x) is the standard local abelian L-factor associated to %. 


PROPOSITION 3.2.4. (Steinberg representation) 

If Stc is the Steinberg representation ofG, then the dimension of the space of fixed vectors 
under Km is given by 


dim(StG)^” 


0, ifm = 0, 

2m — 1, ifm > 1. 


COROLLARY 3.2.5. (Test vectors for the Steinberg representation) 

Let the Steinberg representation Stg be realized as the unique irreducible subrepresen¬ 
tation of 7t{\ ■ I). The \j/-Whittaker functional A^ is non-zero on the space of newforms 
(StG)new = Stg*. 


PROPOSITION 3.2.6. (Ramified principal series representations) 

Let X be a ramified character of F*. Let 7t — 7t{x) be the corresponding principal series 
representation of G. Let c{x) denote the conductor of X- 


(i) We have c{7t) = c{x) and further c,] (tt) = c{7t) only for those characters rj such that 
I? = X^ on the group of units . 

(ii) ifx\e>^f flandr]=x\e^ then 

{ 0 , ifm<c{x), 

1 , ifm = c{x), 

2(m-c(x)) + l, ifm>c{x). 

(iii) //X^|(<yx )2 = 1 and rj = x\ffx then 


dim(;r(x)^") 


0, ifm = 0, 

2m, ifm > 1 = c{x)- 


COROLLARY 3.2.7. (Test vectors for ramified principal series representations) 

Let X be a ramified character of F*. Let 7t — 7t(x) be the corresponding principal series 
representation ofG. Assume that % is irreducible. Let m = c{x) f. 1 denote the conductor 

of X- The space of newforms 7t{x)new/ = tt{x)z^^^'' one-dimensional and the Whittaker 
functional Atf/ is non-zero on this space of newforms. 

PROPOSITION 3.2.8. (Ramified principal series L-packets) 

Let E/F be a quadratic ramified extension. Let be the corresponding L- 

packet. Then we have for rj = (Oeif, 
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dim((;r£)^) =dim((;r|)^) = I 

m. 


if m = 0, 
if m > 1. 


COROLLARY 3.2.9. (Test vectors for ramified principal series L-packets) 

Let E/F be a ramified quadratic extension and let corresponding 

L-packet. Then one and only one of the two representations in the packet is ^-generic, 
say, tTe- Then is Xj/e-generic. The Whittaker functional Ay/ is non-zero on the one 
dimensional space of newforms (7r|;)new = {^e)^eif' We-Whittaker functional is non¬ 

zero on the one-dimensional space of newforms for TtJ. 


PROPOSITION 3.2.10. (Unramified principal series L-packet) 

Let E jF be the quadratic unramified extension. Let ^e = be the corresponding 

L-packet. Exactly one of the two representations, say T^e, has a non-zero vector fixed 
by Kq. Then the dimensions of the space of fixed vectors under Km and L)', for the two 
representations are as follows: 

(i) dim((7r£)^®) = 1 = dim(( 7 r|)^o). 

(ii) dim((;r£)^o) = 0 = dim((;r|)^'>)^ 

(iii) For r > 1, 


dim((4)^0 = 2 -f 1 = dim((7r|)^^). 


(iv) For r > 1, 


dim((;rl)^^)=2 


r-1 

2 


+ l=dim((4)^0- 


COROLLARY 3.2.11. (Test vectors for unramified principal series L-packet) 

Let E/F be the unramified quadratic extension, and let TtJ} Le the correspond¬ 

ing L-packet. Then one and only one of the two representations in the packet is \j/-generic, 
namely (using the notation of Pronosition Ti^.KA . Moreover, a x^f-Whittakerfunctional 
is non-zero on the Ko-fixed vector in The representation TtJ is not Xj/'-generic for any 
x^f’ of conductor It is x^fajp-generic and any xifg^^-Whittaker functional is non-zero on 
the unique (up to scalars) KQ-fixed vector in Ke. 

3.3 Supercuspidal representations 

We now consider supercuspidal representations of G = SL 2 {F). For this we need some 
preliminaries on how they are constructed. We use Kutzko’s construction 1.5Ihl of super¬ 
cuspidal representations for G and then Moy and Sally IHI or Kutzko and Sally js) to 
obtain information on the supercuspidal representations (L-packets) for G. 

We begin by briefly recalling Kutzko’s construction of supercuspidal representations of 
G via compact induction from very cuspidal representations of maximal open compact- 
mod-center subgroups. 

For / > 1, let 

K(0 = 1 + ^'M2x2(^) 








328 


Joshua Lansky and A Raghuram 


be the principal congruence subgroup of K of level 1. Let /r(0) = K. Let I be the standard 
Iwahori subgroup consisting of all elements in K that are upper triangular modulo 3^. For 
I > 1, let 

1 + 

^t+\ ’ 

and let 7(0) = I. We will let 77 (resp. J) denote either ZK (resp. K) or N^I (resp. 7). 
Here N^I is the normalizer in G of 7. In either case we let J{1) denote the corresponding 
filtration subgroup. 

DEFINITION 3.3.1. MU 

An irreducible (and necessarily finite-dimensional) representation (<7, IT) of 77 is called a 
very cuspidal representation of level / > 1 if 

(i) J{1) is contained in the kernel of a. 

(ii) (J does not contain the trivial character of 



We say that an irreducible admissible representation ;r of G is minimal if for every 
character x of F* we have c{n) < c{n®x)- 

Theorem 3.3.2 JISTtI. There exists a bijective correspondence given by compact induc¬ 
tion (7 I—> ind~((7) from very cuspidal representations (7 of either maximal open 
compact-mod-center subgroup 77 and irreducible minimal supercuspidal representations 
of G. Moreover, every irreducible minimal supercuspidal representation of conduc¬ 
tor 21 (resp. 21 -\-1) comes from a very cuspidal representation of ZK (resp. N^I) of 
level 1. 

Following Kutzko we use the terminology that a supercuspidal representation of G is 
said to be unramified if it comes via compact induction from a representation of ZK and 
ramified if it comes via compact induction from a representation of Ngl. We now take 
up both types of supercuspidal representations and briefly review how they break up on 
restriction to G. We refer the reader to and El for this. 

We begin with the unramifled case. Let a be an irreducible very cuspidal representation 
of ZK of level I (> 1). Let n be the corresponding supercuspidal representation of G. Let 
(7 = Res/(:(a). Then we have 

ResG(^) =indf((7) 0 “(ind^((7)), 
where a = (°. 

If 1 > 2, or if 1 = 1 and a is irreducible, then n = n{G) = ind^((7) is irreducible, hence 
so is n' =“ n. We thus have an unramifled supercuspidal L-packet {n, n'}. 

If / = 1 and <7 is reducible, then a comes from the unique (up to twists) cuspidal 
representation of GL 2 (F^) whose restriction to 5L2(F^) is reducible and breaks up into 
the direct sum of the two cuspidal representations of 5L2(F^) of dimension {q — l)/2. 
Correspondingly, we have (7 = (7i © 02 , and if we let TT; = ind^((7,) and n[ = then we 
obtain the unique supercuspidal L-packet { tti , 7t:[, 712, } of G containing four elements. 
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For the ramified case, let O’ be a very cuspidal representation of N^I of level 1 (> 1) 
and let n be the corresponding supercuspidal representation of G. Let o = Res/ ( o) . Then 
o = Oi 0 02 for two irreducible representations o, (i = 1 , 2 ) of / and 7 conjugates one 
to the other, i.e., 02 = ^Oi. Let Tti = indf (o,) and so 7t2 = %i. Then the restriction of 
;r to G breaks up into the direct sum of two irreducible supercuspidal representations as 
ResG(;r) = ;ri 0 ;r 2 . We call a ramified supercuspidal L-packet of G. 

To summarize, we have three kinds of supercuspidal L-packets for G namely, 

(i) unramified supercuspidal L-packets 

(ii) the unique (unramified) supercuspidal L-packet {;ri, 7r[, ;r 2 , of cardinality four; 

(iii) ramified supercuspidal L-packets {;ri,;r 2 }. 


PROPOSITION 3.3.3. (Unramified supercuspidal L-packets of cardinality two) 

Consider an unramified supercuspidal L-packet {%,%'} determined by a very cuspidal 
representation <J of level I ofZK as above. The conductors c{%),c{%') are both equal to 
21. The dimensions of the spaces 71^"' and are as follows: 

(i) For any 77 such that rj(—l) = ( 0 ;i(—l) we have 


k' 

(ii) Let tj(—l) = a)j[(—l) and c{rj) < 1. If I is odd then for all m > 21, (a) dim( 7 r^") = 
dim((;r')^")= 2 [^^^^], 

(b) dim( 7 r;^") = dim((;r')^”) = 2 

(iii) Let ri(—l) = 0 )j[(—l) and c{rj) < 1. If I is even then for all m > 21, (a) dim( 7 r^"') = 

dim((;r')f)= 2 [^^^^l, 

(b) dim(4") = dim((;r')^"') = 2 • 


PROPOSITION 3.3.4. (Test vectors for unramified supercuspidal L-packets of cardinal¬ 
ity two) 

Let O be a very cuspidal representation of ZK which determines an unramified super¬ 
cuspidal L-packet as above. Assume that n — ind®~(( 7 ) is realized in its Kirillov 

model with respect to \j/. Define two elements and (pe in the Kirillov model as follows: 


h (x) = 


1 , ifx€{e^f, 
0 , ifxi{0^f. 




Let 77 = 0)^. We have 

(i) C^i ©C^£ = 

(ii) If I is even, then . In addition, n is \l/-generic and any -Whittaker 

functional is non-zero on <j)i and vanishes on 0g. Furthermore, %' is not \j/'-generic for 
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any character \j/' of conductor It is however Xj/oj-generic, and any \j/a;-Whittaker 
functional is non-vanishing on which is a newform for . 

(iii) If I is odd, then (ii) holds with 7t and k' interchanged. 

PROPOSITION 3.3.5. (Unramified supercuspidal L-packet of cardinality four) 

Let <7 denote a very cuspidal representation ofZK of level I = 1 such that Res/f (a) = <J = 
( 7 i ©a 2 - Let be the corresponding L-packet of G. Then c(;ri) = c{n[) = 

citti) = = 2. Moreover, 

(i) Let rj be any character such that T](—l) = a)a(—1). Iftt denotes any representation 

in the L-packet, then ;r^ * = * = (0) ■ 

(ii) Let 7] be any character such that rj(—l) = a)o-(—1) and c(ri) < 1 then for all m >2 

we have (a) dim((7ri)^"') = dim(( 7 r 2 )^'”) = dim((7r()^"’) = dim((7r0^"’) = , 

(b) dim((a:i)^"') =dim((a:;)^"') =dim((;r 2 )^”) =dim((7r^)^'") = . 

PROPOSITION 3.3.6. (Test vectors for unramified supercuspidal L-packets of cardinal¬ 
ity four) 

With notation as above let {k\,k[, 112 ,^ 2 } be the unramified supercuspidal L-packet of 
cardinality four. Let \j7 be the character of obtained from \j/ by identifying with 
j G. Without loss of generality assume that (Ji is xjf-generic. Then 

(i) 7t[ is \j/-generic, 7ti is \j/aj-generic, is Xj/e-generic, and 7t2 is Xj/^^j-generic. 

(ii) Assume that 7t is realized in its xif-Kirillov model. The function xpi of Proposi- 
f/o» l3.3.4l i5 a newform for 7r[. This further implies that 7r(o:)(0i) is a newform for 
TZi, 7t{Y){(j)i) is a newform for Tt^ and 7r(o:7)((/)i) is a newform for 7t2. Finally, each 
of these newforms is a test vector for an appropriate Whittaker functional coming 
from (i). 

PROPOSITION 3.3.7. (Ramified supercuspidal L-packets) 

Let { 7 ^ 1 , 712 } be a ramified supercuspidal L-packet of level I as above. Then c(7ri) = 
0 ( 712 ) =21 -t-1. Moreover, 

(i) For any character 77 ofF* such that J 7 (—1) = ft)a(—1) we have = ( 712 )^' = 

(K,)f = (K2)f = ( 0 ). 

(ii) Let T](—l) = a)cr(—l) and c(ri) < 1. For all m>2l-\-l we have dim((7ri)^'") = 
dim(( 7 r 2 )^'") = dim(( 7 ri)^”) = dim(( 7 r 2 )^"') = m-2l. 

PROPOSITION 3.3.8. (Test vectors for ramified supercuspidal L-packets) 

Let {7ti,7t2} be a ramified supercuspidal L-packet coming from a very cuspidal represen¬ 
tation <7 ofN^il) of level / > 1. One and only one of the Ki is xj/-generic, say 7l\. Then 7t2 
is Xj/£-generic. Let rj = a)<j. If (j>i and (j)£ have the same meaning as in Proposition 13 .3 .41 
(assuming that 71 is realized in its Kirillov model), we have 

(i) = Cxpi and (772)^^'+' = Cxpe. 

(ii) Any Xj/-Whittaker functional is non-zero on <j)i and similarly any Xj/^-Whittaker func¬ 
tional is non-zero on (pg. 
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3.4 Comparison of conductor with other invariants 

Theorem 3.4.1. Let k be an irreducible admissible representation of G — SL 2 {F). Let 7t 
be a representation of G — GL 2 {F) whose restriction to G contains 7t. Assume that 7t is 
minimal, i.e., c{'K®x) c{7t) for all characters % ofF*. Then 

c{n) = c{n). 

The next theorem relates the conductor of a representation n of G with the depth 
(see |T3|)p(7r)of 7r(cf. flOl '). 

Theorem 3.4.2 (Relation between conductor and depth). Let n be an irreducible rep¬ 
resentation ofG. Let p{k) be the depth of 7t. 

(i) If K is any subquotient of a principal series representation 7t{x), then 

P{k) = max{c(7r) — 1,0}. 

(ii) IfK is an irreducible supercuspidal representation, then 

, , fc(7r)-2 

p(;r) = max|- - -,0 


4. Newforms for U (1,1) 

4.1 Definitions and preliminary remarks 

We now define the basic filtration subgroups of G as we did for G in m Let K 1 = G, 
Kq = K, the standard hyperspecial subgroup of G, and for m>l. 


We let K'^ = a^^Kma. 

Let {7t,V) be an admissible representation of G such that Z acts by scalars on 
V. Let fj he a character of such that = coa (where we have identified Z 
withL'). 

For any such character f] and any subgroup H of G we define 

We define the fj-conductor Cfj (n) of 7t to be 

Cfi(7i) = min{m ; f (0) or ft^"' ^ (0)}. 

We define the conductor c{7t) of ft as 

c(7t) = min{cTj (ft ); p l^i = mj- 


(4.1.1) 
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If 7 ] is such that Cfj{7t) = c{n) and ^ (0) (resp. ^ (0)), then we call 

_K' 

(resp. ) a space of newforms of K. In this case, we refer to a non-zero element of 
or as a newform of %. 

In this section, we will compute the dimension of Tt^"' for every irreducible admissible 
infinite-dimensional representation if of G and every character fj such that Cj) (if) = c(if). 

We will often make use of the following fact. Let n be the restriction of if to G, and let 
77 = f] I . By definition, the group acts on if^'" via the character 7], hence via f]. Also, 

Z acts on if^™ via the character coa, hence via ij since fij^i = (Oa. Thus any (“ ^) G ZKm 
acts on 7 t^"' by multiplication by fl{d). In the light of (I2.1.2> . 

K,n/ZK„r = To/ZTo ~ ~Neif{^e)INeif{E^^f) 

= (4.1.2) 

We may therefore take 1 and 0 = ^ as coset representatives for KjnjZKyn. Hence 

if V G if^"’, then v G if^"' if and only if if(0)v = !)(■*££ *)v, i.e., 

= {v G if^"’ ; if(0)v = t?(^e£ ^)v} . (4.1.3) 

4.2 Principal series representations 

Let ^ be a character of E*. Let if(z) denote the principal series Ind?(;^). According 
to 1171 §11.1], if(z) is irreducible except in the cases 

(i) X\f* = \-\$, 

(ii) X\f* = (Oe/f- 

In case (i), let p be the character of £* defined by p{a/^a) = x\ ‘ If- Then if(z) has 
two Jordan-Holder constituents, namely the one-dimensional representation ^ = po det 
and a square integrable representation St(^). In case (ii), 7f(z) is the direct sum of two 
irreducible representations 7f^(z) 7f^(z)^ which together form an L-packet of G. We 

distinguish if * (z) from 7f^ (Z) by defining if * (Z) to be the summand that has a fG-spherical 
vector, hence 7f'(Z)|G = 

Let X = Z|f*- Then the restriction of 7f(Z) to G is isomorphic to 7t{x). It is easily seen 
then that the restriction to G of any irreducible constituent of 7f(Z) is itself irreducible 
unless X is the character corresponding to some ramified quadratic extension E'/F. In this 
case 7f(Z) Ig decomposes as the direct sum nj^, © n^,. We now compute the conductors of 
the representations in the principal series of G. 

Theorem 4.2.1 (Conductors for principal series representations). Let X be a charac¬ 
ter ofE*. Suppose that H is an irreducible constituent of the principal series 7f(Z)- 

(i) If 7) is a character of L^e with f\\Ei — 0 }ji,thencff{Ti)=c{K)ifandonlyiff\—X\ff^ 

or ■'Z ^ ^ I ■ Moreover, 

{ 1, */if = St(^). 


C(7f) = 
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(ii) Suppose rj is as above, (a) If n = 7r(x), X ramified, and x\ff^ X then 


dim(7r^"') = 


0, ifm = 0, 

m+ 1, ifm > 0. 


(b) For 7t = have 

dim ( 
dim 

(c) In all other cases, 

= max{m — c(^) + 1 , 0 }. 


{^\x)f) 

= dim 

[^Hx)f) = 

777+1 

2 


= dim 

[^Hx)f) = 

m' 

2 ■ 


Proof We may assume without loss of generality that % is chosen so that ;r is a subrep¬ 
resentation of 7t{X)- Let n be the restriction of n to G. Let r) be any character of with 

i Ifi = coa- Let T] = 77 l^x. Since Tt^"' c 


cjj(It) > cnin) > c{n). 

We claim that Cjj(^) = c(7r) precisely for fj = X or ^X^^- The first part of (i) follows 
immediately from this claim, and the second follows from this together with the conductor 
calculations in 113.21 

Let c = c(7r). The only t] such that Cri{n) = c{n) are x|^x and X^^l^x. Hence we 
cannot have Cjj (^) = c{7t) unless fj equals x^ on IXf. We first prove that 7 ^ (0) if and 
only if f] = xl^x or |^x in the case where f] |^x = 77 = xlep and n f 7t^{x). 

Since is contained in the restriction of Tt{X) to G, which is isomorphic to Tt{X\F*), 
it is an easy consequence of the proofs of the statements in il3.2l (see 111 11 1 that 


where 


n 


Kc 

n 


c/w, ifxXp^h 
cu + ch, ifj2|^, =1, 



0 , 

X{t)\t\TTl{d)=X{td)\ttr, 

0 , 

X{t)\t\^E^n{d) = x{td)\tti^, 


if g ^ BwKc, 

t * 


ifg = 


0 


"7 


-1 


tIgiBKc, 


ifg = 




a b 
c d 

a b 
c d 


We now determine when f „, f\ lie in . In the light of J4.L3t . this reduces to verifying 
whether 7 f( 0 ) acts as the scalar on these vectors. It is easily checked that 


Hd)fw = x{'£E^)f«^ 
^i0)fi=x{£E)fi- 
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Hence f„ S if and only if fji^eE) = X{^^e)- This is equivalent to f) = since 
i) and x already agree on and £* (by assumption) and since ^Se is a representative 
for the non-trivial coset in /E^ffp . Similarly, if = 1, then f\ £ if and only 

if fl{£E) = ■'Z which is equivalent to fj = since f] and ''Z * already 

agree on iffp and and since the non-trivial coset in jE^Cp is represented by £e- 
Summarizing, we have that when n p ^^(Z) 77 — P (0) if only if 

i? =Zl^x or^Z^‘U|. 

On the other hand, if 77 = Z > note that we may exchange Z and ^Z ^ in the above 

proof since 7t{x) and ^(*Z h^^e the same constituents. (Of course, exchanging Z and 
^Z ^ may make our assumption that ^ is a subrepresentation of ^(Z) false. The only case 
in which this matters, however, is when ft — St(^), and in this case we are already done 
since Z = Z * on ffp.) Then carrying out the proof mutatis mutandis, we obtain again 
that 7 i^‘^ p (0) if and only if 77 = Z or ''Z * ■ This establishes our claim if ^ is in a singleton 
L-packet since for all m > 0, 


dm\{nfp) = dim(“n:^"') = dim(7t:^”). 


Finally, suppose that n = 7r*(x). By the above, ( 77 ^( 77 ))^“ p (0) if and only if Tj = x 
or ^Z^^- Also, if 77 is any character of ffp, then since (^'(Z))^” = (”^HZ))^° ™tl 
(x) — fi^ix)’ we have that 

dim(#'(Z))^'’ =dim(“^'(Z))^'’ =dim(^ 2 (Z))^“. 

But {fi^{x))^° C (^^(Z))^** = (0) by ProDosition l.3.2.lOl since ResG^^(Z) — Thus 

dim(#*(Z))^*’ = 0 so again Cfi(ft) = 0 = c(7r) precisely for fj = x or *Z^^- Finally, 
conjugating by a as above, one easily obtains the claim in the case ft = ft^(x)- 

We now compute the dimensions of ft^'” to prove (ii). Since ft(x) and ftpx P h^^e 
the same irreducible constituents, we may assume that 77 = Zl^|- (As above, the repre¬ 
sentations St(^) present no problem here since in this case Z = *Z * on ^p.) 

If ft p ft^(x) the proof of (i) shows that ft^'' = Thus dim ft^'' is 1 if Zl^x p 
*Z ^ I and 2ifZ||^x =^Z^l^x. The proof also shows that 


dim(^'(Z))f'’ =dim{ft^{X))^° = 1, 

dim{ft^iX))^° =dim{ftpx))^° =0. 


This shows that the formulae for the dimensions are valid when m = c. 
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Suppose that m > c. As with Theorem 5.3 of CD, it follows from Lemma 3.2.1 and 
the following proofs in §3.2 of im that n^"' is the direct sum of together with certain 
two-dimensional spaces of the form C/i_i + (1 <i<m — c), where 


fiAg) = 


0 , 

X{t)\t\TAd)=X{td)\t\T^ 




( t =1= \ / 1 0 

V 0 "f-' y V 1 


a b \ 
c d J" 


jo, 

\m\i\fnid) = xmi\T. ifs=(i )(wef ?)(“ d 


We will now verify that whenever C , 


(1) is ^fm-stable, and 

(2) the subspace of on which Km acts via the character ij is one-dimensional. 


If this holds, then 

dim ttA - dim i (dim — dim ), 

and the formulae for the dimension of follow easily from this equation and the dimen- 
sion results of il3.2l The dimension of Ttf^"' is computed analogously. 

We now show (1) and (2). By (I4.1.3t . this reduces to showing that is 0-stable, and 

that the subspace of on which 0 acts as the scalar is one-dimensional. Let 5 

be either 1 or e. Then 

imf..s){g) = fi.sigO) = fi.siO {0-A0)) = X{eE)fiA0-A0)- 

If 5 = 1, this is non-zero if and only if O^^gO & B{^i ^^Km, i.e., if and only if g S 
B ^5,4^ Km- This together with the fact that Tt{Q)fi,\ G implies that Tt{Q)fi \ is a 
multiple of /(■ £. The exact multiple is determined by evaluating 





Thus 

AQ)fi.\=XAE^£F^)fi,e- 

Similarly, 

A^)fi.e=X{£E)fi,\- 
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As claimed, 9 stabilizes . Moreover, the characteristic polynomial of 9 on this two- 
dimensional space is 

^^-X{'£e^£f^)x{£e) =X^-x{'eE^f- 

The eigenvalues of 9 on are therefore ±x{^£g^) = It follows that the 

subspace of on which 9 acts as the scalar is one-dimensional. 

Now suppose that 7t is an irreducible representation of conductor c in the principal 
series of G and that i] is such that Cjj {n) = c. We consider the effect of the Whittaker 

functional A^, given by J3.2.1> on TfN, . 

PROPOSITION 4.2.2. (Test vectors for principal series representations) 

Suppose that ft is an irreducible representation in the principal series of G. Let f] be a 
character of with fj j^i = (0^ such that Cij(ft) = c(ft). Let y/ = y/F- 

(i) If ft = ft{X), X ramified, and X = then ft is yf-generic. Moreover, the 

space of vectors ft^^ on which A^, vanishes is one-dimensional. 

(ii) Ifft = ft^{X)y then ft is yf-generic and Ay/ is non-zero on the one-dimensional space 
of newforms ft^°. 

(iii) If ft = ft^{X)’ then ft is not y/-generic, but it is y/^-generic. Moreover, A^,^ is non- 

K.' 

zero on the one-dimensional space of newforms ft A. 

(iv) In all other cases, ft is y/-generic. In addition, ifc = c{ ft), then Ay/(v) 7 ^ 0 for any 
newform v in 

Proof. Let n be the restriction of ft to G. Note that since G and G have Borel subgroups 
with the same unipotent radical (namely, N), the restriction of A^, to any (/-generic com¬ 
ponent of ;r is a non-zero (/-Whittaker functional on that component, while its restriction 
to any non-(/-generic component is 0 . 

Let c = c(ft). Assume we are in case (ii), (iii), or (iv). Let L be either orK^, according 
to the case, and let L = L n G, i.e., L is either Kc or K'^. Assume that v is a non-zero 
vector in ftl. By Theorem l4.2.1l the restriction of if to G is irreducible of conductor c, 
and fth = is one-dimensional. The statements in each of these cases now follow easily 
from the analogous results about n in il3.2l 

Suppose now that ft = ft(X) with X ramified and X = *■ Then n has conductorc = 1 

and if?' = has dimension 2 . 

If n is irreducible, then tt is (/-generic according to Corollary 13.2.71 Also, according 
to the proof of Theorem l4.2.1i rand using its notation), if?' = C/i (BCf„. It follows from 
Corollarv l3.2.7l that Ay/(/i) 7 ^ 0. Since the image of A^f has dimension 1, A^f must vanish 
on a one-dimensional subspace of if?'. 

If TT is reducible, then as discussed in il3.2l n decomposes as the direct sum of two repre¬ 
sentations 7ti and 7t2. Moreover, only one of these representations, say tti, is (/-generic by 
Corollarv l3.2.9l Then Ay/ vanishes on ( 7 ^ 2 )^' C = if?'. Moreover, by Corollarv l3.2.9l 
Ay/(y) 7 ^ 0 for all non-zero v G C = if?'. Hence, as in the preceding para¬ 

graph, the subspace of if?' on which Ay/ vanishes is one-dimensional. 
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We now consider the supercuspidal representations of G. Let 7t be such a representation. 
It is easily deduced from analogous results on G and G that 7t is compactly induced from 
an irreducible representation of K, K', or 7 . We will call n an unramified (resp. ramified) 
supercuspidal representation of G if its restriction to G contains an unramified (resp. 
ramified) supercuspidal representation of G. 

Ramified case. Suppose first that 7t is ramified. Let n be the restriction of 7t to G. Let tti 
be an irreducible component of the restriction of 7t to G. Then tti is a ramified supercusp¬ 
idal representation of G. We extend Tti to a representation of ZG via the central character 
COn, also denoted by ni. Then 7i is contained in and the restriction of ind^^^Tti 

to ZG is ;ri © ®;ri. But conjugation by 0 and 7 have the same effect on G so, by the dis¬ 
cussion in the beginning of ii3.3l Tti and n 2 = comprise an L-packet for G. Since 
K\ ^ ®7ri, ind^gTTi is irreducible and hence equal to li. Thus Resc^ = tTi © n 2 , where 
n2=^ni. 

From Theorem l3.4.2l we see that the conductor of both n\ and 112 is 2p + 2, where p 
is the depth of both 7i\ and 712 - We note that the depth of a twist of n is no less than p. 
To see this, let .r be a point in the Bruhat-Tits building of G (which is the same as that of 
G) and let r be a non-negative real number. Then any vector in the twist of it that is fixed 
byG,, r+ is fixed by Gx.r+ since Gx,r+ C Gx^r+ (see 1131 1. It follows that the depth of the 
twist of it is no less than the depth of its restriction to G. But this restriction is n, which 
has depth equal to p. 

On the other hand, we may select a character Z of G such that Z ^ = ft’s on £'n(i + 
^Pe) (viewed as a subgroup of Z). li n' = TZ® then 0 )^®/ is trivial on Ft p (1 _|_ iP^)^ 
and it is easily seen that p{it') = p. Define po(^) = min{p(^©z)} X ranges over all 
characters of G. Then we have po(^) = p. 

Theorem 4.3.1 (Ramified supercuspidal representation). Lef {it,V) be a ramified 
supercuspidal representation of G. Let fj be any character of with fj j^i = COft and 
c{fl\ffx) < Po(^) + 1/2. Then we have c{it) = Cfj{it) = 2po(^) +2 and 

dim{7t^"') = maxjm — c(^) + 1,0}. 


Proof Let n be the restriction of n to G. Set c = 2 po( 7 r) +2 and Tj = Tj . As discussed 
above, the restriction of ^ to G is the direct sum of two ramified supercuspidal repre¬ 
sentations n\,% 2 , each of conductor c. By Proposition 13. 3. 71 dim(;ri)^"' = dim(;r 2 )^"’ is 
non-zero if and only if m > c. Hence if m < c, dim it^” = 0 since 

it^"' c = {Ki)^"' © (;r2)^'" = (0). 

Suppose m > c. As in sa we compute dimusing the fact (l4.L3t that is the 
subspace of on which it{9) acts as the scalar fi{^ef'). 

Since 7^2 = and the conjugation action of 0 and 7 are the same on G, K\ and 
712 form an L-packet according to il3.3l Thus 71 — 7i\ ® 712 Is the restriction to G of a 
minimal ramified supercuspidal representation jf of G. In particular, we have an action of 
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G on y. Let W be the one-dimensional space Then according to the proof IIII of 

Pror)osition l3.3.7l 




07f(j3yiy. 


(=0 


Now n{0) intertwines ®7ri and n 2 and takes to { 112 )^"■ Therefore, 


{nifrT 




(=0 


Let iy(/) = 7r(j3)'iy © 7r(0)7r(j3)'iy for / = 0,— c. 
Note that 


n{0f' = n{d^) = K 


eE% ^ 0 
0 


£f 0 


= (On{eE/'eE)7t 


£f 

0 



Thus 7t{9)^ acts via the scalar fi)ji(e£:/''e£)Tj(e^*) = rj{^e^')^ on n^'". It follows that 
^(0) exchanges the one-dimensional spaces 7t{PyW,7t{9)n{l5yW since 

n{9){7i{l5yw) = 7f(0)^(j3)'iy, 

n{9){7t{9)Tc{l5yw) = 7t{9)^{n{l5yw) = fi{^£iy^)^Tc{l5yw = 5r(j3)'iy. 


In particular, each W{i) is stabilized by ^(0). Moreover, since ^(0)^ acts via the scalar 
77(*e£^)2 on W{i), the eigenspaces of 7t{9) on iy(/) corresponding to the eigenvalues 
±f)(^eg must each be one-dimensional. Hence the subspace of 


m—c 

= (TTl)^" © (712)^" = 0iy(O 
1=0 

on which k{9) acts via the scalar fj ^) has dimension m — c + 1, as required. 

Unramified case. Suppose that {7t,V) is an unramified supercuspidal representation 
induced from a representation a of K. It is easily seen that the restriction ;r of ^ to G is 
either 


(i) an irreducible unramified supercuspidal representation of G induced from K if the 
restriction of a to /T is irreducible, or 

(ii) the direct sum of two irreducible unramihed supercuspidal representations of G 
induced from K if the restriction of ff to /f is isomorphic to Ui © 02 , where (7i and 
O 2 come from the two cuspidal representations of 5^2 (F^) of dimension {q— l)/2 
(as in il3.3l . 


In case (ii), we note that if n decomposes into the direct sum of {ni,Vi) and { 7 : 2 ,V 2 ), then 
V 2 = }i(y)Vi. 

As discussed in the ramified case, if po(^) = min{p(^©x)} as X ranges over all 
characters of G, then the conductors of the components of tt are 2po(^) + 2. 
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Theorem 4.3.2 (Unramifled supercuspidal representation). Let {k,V) be an unrami¬ 
fied supercuspidal representation of G that is induced from K, and let %' = Let f] be 
any character of with T^l^i = (On and c{fl\^x) < po(^) + 1- Then c{7t) = Cfj(^) = 

2po(^)+2. 

(i) If po is odd, then 


dim(;r^"') = max 


— K' 

dim{nf.'”) = max 


!-c(7r) + l 


i — c{k) — 1 


,0\=dim{{n')f), 


.0 \ =dim((^')f")- 


(ii) If Po is even, then 


dim((7r')^"') = max 


dim((;r')^"') = max 


!-c(;r) + l 


i-c{n) -1 


= dim(^f”), 


= d\m{nf'”). 


Proof We give a proof only for Case (ii) (po(^) even) as the proof for Case (i) is easily 
obtained therefrom by interchanging the representations n and n' . Moreover, we prove 
only the first equality of each line as the second follows by conjugating by a. 

Let {n',V) be the restriction of {H',V) to G. Set c = 2po(7f') +2 and rj = Now 
7t' is a direct summand of the restriction to G of a minimal unramified supercuspidal rep¬ 
resentation (7i:,y) of G. Since Tt is unramified, it follows from 43.3l that is isomorphic 
to 7t' and hence that 7t(y) maps V onto V. (Here we view V as a subrepresentation of V.) 

As discussed above, tt' is either an irreducible unramified supercuspidal representation 
of conductor c or the direct sum of two such representations (;r[,yi) and {n 2 ,V 2 ), where 
Vi = ^( 7 )^ 1 - By Propositions 13.3.31 and 13.3.51 the level / of the inducing data for these 
representations is c/2 = Po(^0 + B '^he ramified case, we have dim(7f')^"' = 0 if 
m < c. 

Suppose m > c. By (I4.1.3t . to find dim {n')^"', we compute the dimension of the sub¬ 
space of {Tt')^"’ on which 7t'{9) acts as the scalar fj{^ef'^). Let W = ■ Since / = 

Po(7f0 + 1 is odd, it follows from Propositions 13 .3 Al and 13.3.51 and their proofs IIII that 
dim(W) = 2 and 




[{m-c)/2J 

= 0 ^ 

i=0 


0 


dp 



w. 


In fact, from the proof of Proposition 3.3.4 in CD, it follows that for a certain vector 
(j) G W, W = C0 0 C;r( 7 ) 0 . If n' is irreducible, then since conjugation by 7 and 9 have 
the same effect on G, ;r( 7 ) and 7i'{9) are both elements of the one-dimensional space 
\{om{^ k', n'). They are therefore equal up to scalars so VP = C0 0C7f'(0)0. If n' is 
reducible, then we may further assume that ^ G W n Vi by Proposition l3.3.6l In this case, 
k{y) and Ti'{9) are both elements of the one-dimensional space Hom(®7r[, so VL = 
Ccj) ©C7f'(0)0 as above. 
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As in the ramified case, n'{9)^ acts via the scalar on . It follows that 

7 t'{Q) exchanges the one-dimensional spaces C0, since 

n'{e){£^) = C7t’{e)^, 

7t'{0) (C^'(0)^) = n'{0f (C^) = fi{^eE^fC(l> = C0. 

In particular, 7i'{9) stabilizes W. Again as in the ramified case, these facts imply that the 
eigenspaces of ^' (0) on IV corresponding to the eigenvalues ± f] ^) must each be one¬ 

dimensional. The same is clearly true of ;r ^^^^ W for 1 = 0,..., [(m — c)/2\. 

It follows that the subspace of on which Ti'{9) acts via the scalar has 

dimension [(m — c -I- 1)/2] as required. 

— ic' 

The computation of dim(;r')fj"' is entirely analogous. 

Now suppose that 7f is a supercuspidal representation of G of conductor c. We consider 

- ic —k' 

the effect of a Whittaker functional A^ on For this we need to choose the char¬ 

acter f) somewhat carefully. Let IT be the L-packet of G containing 7 t. Then the restriction 
to G of the direct sum of representations in fl is also the restriction to G of a minimal 
supercuspidal representation n coming via Kutzko’s construction. We require t] |^x = 

PROPOSITION 4.3.3. (Test vectors for supercuspidal representations) 

Suppose that it is an irreducible supercuspidal representation of G of conductor c. Let fj 
be a character of with f]\^i = and til^x = (0^ (see above). Let \j/ = xj/p. 

(i) If a is ramified, then it is \lf-generic. Moreover, A\ft(y) f- 9 for all non-zero v in it^‘^ 

-K'c 

or Kff. 

(ii) If it is unramified and induced from K, let it' — ‘''it. 

(a) If po(it) — po(it') is odd, then it is \j/-generic and it' is \j/m-generic. More¬ 
over, A^(y) 0 for all non-zero v £ it^" and A^^(v) f 0 for all non-zero 
v£(it')f. 

(b) If Pq{k) = Pq{k') is even, then k' is ^/-generic and n is ^fm-generic. Moreover, 

Ay,(v) 0 for all non-zero v £ (it')^" and Ay,^{v) 0 for all non-zero v £ it^£ 

Proof. Let n be the restriction of it to G. As in Pror)osition l4.2.2l we note that the restric¬ 
tion of to any yz-generic component of ;r is a yz-Whittaker functional on that compo¬ 
nent, while its restriction to any non-yz-generic component is 0. 

Suppose first that it is ramified (case (i)). Then n decomposes as the direct sum n\ © 712 
of irreducible ramified supercuspidal representations of conductor c. By ProDosition l3.3.8l 
only one summand, say 7 Z\, is yz-generic and we have that A^ is non-zero on [tti . Now 

it^^ is the space of vectors in on which it{9) acts as the scalar 

As observed in the proof of Theorem l4.3.1l ^(0) exchanges and ■ 

Therefore, cannot lie in either (tZi)^" or ( 7 ^ 2 )^'". In particular, if v G is written as 
v\ + V 2 with Vi £ {tZi)^, then vi, V 2 ^ 0. Since 7Z\ is yz-generic and 7Z2 is not, we get 

A^(v) =A^(vi) /O. 
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We now give a proof in case (ii). We only prove (a) as the proof of (b) is obtained by 
interchanging n and it'. 

Suppose that it is unramibed and induced from K and that po(^) is odd. Then n is also 
unramified, induced from K, and has conductor c. As noted in the proof of Theorem |4.3.2l 
= C01 ©C7f(0)(/)i. Since the level of the inducing data of n is c/2, which is even, n is 
V/-genericby Pror)osition l3.3.4l Moreover, A^((/)i) ^ 0, while A^(7f (0)01) = A,|/(0g) = 0. 
By the proof of Theorem l4.3.1l 7 t{Q) exchanges C0i and C^(0)0i. Therefore, just as in 
the ramihed case, if v = a0i +h7f(0)0i, then a,b 0. It follows that 


Aii/(v) — c[A 11/(01) ^ 0. 


The proof of the non-vanishing of is entirely analogous. 

Remark A3 A. We have only considered the unitary group t/(l,l) for an unramibed 
extension E/F. The entire series of results go through with some minor modibcations if 
instead we considered ramibed extensions. 

4.4 Comparison of conductor with other invariants 

Theorem 4.4.1 (Relation of conductor with other invariants for G). Let it be an irre¬ 
ducible admissible supercuspidal representation of G. The relation between its conductor 
c(it) and its minimal depth Po(^) is given by 


If 7t is an irreducible subrepresentation of the restriction of it to G then 
c(7f) = c{n). 

Proof This follows from Theorems 14. 3. ll an d W33\ 

5. Towards multiplicity one for newforms 

Given an irreducible representation if of G and a character fj of such that Cfj(ii) = 
c(7f), one can ask if we have dim(yjj ) = 1. The answer is that this is often the case 

but is not true in general. Indeed, we have dim(V/j = 1 unless if is the principal series 
representation it{x), where % is ramibed and = ''Z *|^|- For these exceptional 
representations, the dimension of the space of newforms is two. 

Nevertheless, in all cases we have proved that an appropriate Whittaker functional is 
non-vanishing on some newform. This can be used to formulate a kind of a multiplicity 
one result if we consider the quotient of the space of newforms by the kernel of this Whit¬ 
taker functional. More precisely, if'T is a non-trivial additive character of F of conductor 
either ffp or such that it is 'T-generic, and A>j< is a ‘P-Whittaker functional for it, 
then we have 


dim 


n kernel (Aip) 
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Another possibility is to consider some canonical non-degenerate bilinear form on the 

space and consider the orthogonal complement of the subspace nkernel(Aij/) 

as a candidate for a one-dimensional space of newforms. Then the multiplicity one result 
is formulated as 

dim nkernel(Aip)^'j = 1. 
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